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Abstract: We investigate the orbit equations and the eikonal equation for light re-
spectively, under influence of the hairy black holes (asymptotically flat) in fourth di-
mensions. We consider two hairy black hole solutions with non-trivial potentials, and
one of these solutions has Schwarzschild case as a smooth limit. Following to Landau
and Lifshitz we use the Hamilton-Jacobi method, and we show hairy corrections for
periapsis shift, where the effect of the hair is to increase it. In the same way, using the
eikonal equation we show the deflection of the light and the relevant scalar hair correc-
tions. Interestingly we find that the hair screening the gravitational field, decreasing
the angle of deflection as the hair increases.
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1 Introduction
The Hamilton-Jacobi formalism was applied in different gravity situations, for example
in the context of AdS/CFT [1] it was used to find counterterms [2, 3]. On the other
hand, the Hamilton-Jacobi equations of canonical gravity are the main tool in the
derivation of renormalization group equations [4, 5].
The scalar field has a fundamental structure in string theory, and the expectation
value controls the string coupling constant gs = 〈eφ〉. In high energy physics the scalar
field is the Higgs particle [6], and in Cosmology is the inflaton that describes cosmo-
logical perturbations observed in the experiments COBE, WMAP and Planck [7, 8]. In
the context of AdS/CFT the scalar field is a source of the boundary operators1. Inter-
estingly the hairy solutions studied here can be obtained from his asymptotically AdS
solution. By suitably adjusting the cosmological constant or the scalar field potential
1This depends on Dirichlet, Newmann or mix boundary conditions of the scalar field [9, 10].
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so that the effective cosmological vanishes, one can obtain asymptotically flat black
holes [11]. We considered the boundary condition of a scalar field such that φ = 0 (at
spatial infinity)2. In [11, 14, 15] was constructed various exact and regular solutions of
hairy black holes (charged) asymptotically flat, and AdS [15–17]. Is important under-
standing that the hair (scalar field) lives behind horizon and boundary, and does not
exist a conserved quantity associated with the scalar field. In [11, 18] argument that
the back-reaction ensure that the scalar field can over in a strong gravitational field
without collapsing completely. In the present paper, we considered Einstein-dilaton
theories minimally coupled and with non-trivial potentials, in [15, 17, 18] constructed
hairy black holes in dilaton-charged gravity theories without scalar potential, in these
cases the coupling of the dilaton with gauge fields ensures the existence of an effective
potential. In the extremal case the near horizon data depend completely by the electric
and magnetic charges and so the attractor mechanism [19–21] works like the no-hair
theorem.
To describe the geodesics (and null geodesic) we need to consider two actions,
one for the gravitational field which describes the geometric of space-time for a given
distribution of matter Tµν . The another action gives us information about how the
particles (of mass m) moves in that space-time and is given by
I = −mc
∫ b
a
ds (1.1)
where ds is the infinitesimal line universe ds2 = gµνdx
µdxν . Taking the variation we
get the geodesic equation
d2xµ
ds2
+ Γµαβ
dxα
ds
dxβ
ds
= 0 (1.2)
but to describe the null geodesics (ds = 0) the before equation is not complete3. The
Hamilton-Jacobi is a powerful method to obtain the orbit equations. Landau-Lifshitz
showed that the Hamilton-Jacobi equation for a particle in any space-time is (M, g)
gµν
∂I
∂xµ
∂I
∂xµ
−m2 = 0 (1.3)
In literature there is an extensive bibliography about the study of the orbits of several
black holes in different theories [22–28]. Recently was study Light propagation in a
2 In [12, 13] considered another interesting boundary condition in which the moduli have a non-
trivial radial dependence, where the properties of these black holes depend on the values φ∞ of moduli
at spatial infinity.
3That problem can solve easily, but we consider another option.
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plasma on Kerr space-time using the Hamilton-Jacobi equation [29], but in fourth di-
mensions is complicated find a rotated hairy black holes, although there are currently
several solutions in three dimensions [30, 31].
For light trajectory (null geodesic) we consider the null module condition for four-
vector wave kµk
µ = 0. So, replacing kµ = ∂ψ/∂x
µ we find eikonal equation in a
gravitational field
gµν
∂ψ
∂xµ
∂ψ
∂xµ
= 0 (1.4)
The present paper is structured as follows: In section 2, we consider a small review
of Newtonian results and its corrections given by general relativity. In section 3, we
present the two hairy solutions and its properties, in the section 4 we use the holographic
stress tensor method to determine the mass of hairy black holes. Finally, in section
5, following to intuitive procedure of section 2, we calculate the periapsis shift and
deflection of light for both hairy black holes, and in the final part, we present the
conclusions.
2 Hamilton-Jacobi method in Schwarzschild
The Kepler problem in celestial mechanics consist in found and solve the orbit equations
of stellar systems (two body system). Classically is solved (exactly) considering the
Newtonian potential
UN(r) = −GNmm
′
r
(2.1)
And we can be solved alternatively by Hamilton-Jacobi method. Considering the La-
grangian expression for a particle in the central field force (at the plane θ = π/2)
L =
m
2
(r˙2 + r2ϕ˙2)− UN(r), M = ∂L
∂ϕ˙
= mr2ϕ˙ (2.2)
The Hamilton-Jacobi equation is
1
2m
(
∂I
∂r
)2
+
1
2mr2
(
∂I
∂ϕ
)2
+ UN(r) = E ′ (2.3)
where the ansatz is I(r) = −E ′t+Mϕ + I(0)r and its solution is
I(r) = −E ′t+Mϕ +
∫ √
2m(E ′ − UN)− M
2
r2
dr (2.4)
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The trajectory is given by equation ∂I
∂M
= cte
ϕ(r) =
∫
Mdr
r2
√
2m(E ′ − UN)− M2r2
+ ϕ0 ⇒ p
r
= 1 + e cos (ϕ− ϕ0) (2.5)
Where p = M2/m2m
′
GN and the eccentricity is e =
√
1 + 2E ′p/GNmm′ . Is easy to
show that for elliptical orbit 4 e < 1
∆ϕ(0) = −∂∆I
(0)
r
∂M
= 2
∫ rmax
rmin
Mdr
r2
√
2m(E ′ − UN)− M2r2
= 2π (2.6)
This is the angle that vector position tour when r changed from rmax to rmin and
return to rmax
5. The astronomical observations showed that perihelion of Mercury has
deviations ∆ϕ(0) → ∆ϕ(0) + δϕ 6. Exist different forms to deal with this problem,
classically we can consider perturbations to Newtonian potential UN → UN + δU(r)
[25, 32, 33]. Another option is to consider the corrections of general relativity. The
usual method consist in to solve the geodesic equation [28], but here we focus on the
Hamilton-Jacobi method [34].
2.1 General relativistic corrections
In this section, we describe step by step the procedure proposed by Landau and Lifshitz
[33]. This gives us a correct intuition when we face the hairy case. We will consider
the very know Schwarzschild asymptotically flat solution, where the action is
S[gµν ] =
1
2κ
∫
M
d4x
√−gR + 1
κ
∫
∂M
d3xK
√−h (2.7)
Here κ = 8πGN , and the last term is the Gibbons-Hawking boundary term. Where hab
is the boundary metric and K is the trace of the extrinsic curvature. The solution is
ds2 = −c2N(r)dt2 + dr
2
N(r)
+ r2(dθ2 + sin2 θdϕ2) (2.8)
where, N(r) = 1 − rg/r and rg = 2GNm′/c2. Here m′ is the gravitational mass.
Considering geodesics in the plane θ = π/2. The Hamilton-Jacobi equation of the
4In this case we have E ′ < 0 and rmin = p/(1 + e) = a(1− e), rmax = p/(1− e) = a(1 + e).
5Another interesting result is E ′ = −GNmm′/2a, where m′ is the mass of the star, black hole or
another big gravitational source. And a is the length of the semi-major axis of the elliptical orbit.
6The closest point of the celestial object that orbits (closed orbit) another is known as periapsis,
for a particular case of the solar system we use perihelion.
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trajectory is
1
c2N(r)
(
∂I
∂t
)2
−N(r)
(
∂I
∂r
)2
− 1
r2
(
∂I
∂ϕ
)2
−m2c2 = 0 (2.9)
The ansatz is I(t, r, ϕ) = −E0t+Mϕ+ Ir(r), where the energy and mass of particle is
E0, m, and its angular momentum is M . Replacing the expression I(t, r, ϕ) in (2.9) we
can solve Ir
Ir(r) =
∫ [
r2(E20 −m2c4) +m2c4rrg
c2(r − rg)2 −
M2
r(r − rg)
]1/2
dr (2.10)
The trajectory equation can be determined by ϕ(r) = − ∂Ir
∂M
+ cte, and is easy to show
ϕ(r) =
∫ [
r2
√
E20
c2
−
(
m2c2 +
M2
r2
)(
1− rg
r
)]−1
Mdr + cte (2.11)
The classical limit given in (2.5) can be obtained considering c → ∞, rg = 0 and
E0 = mc2+E ′. Here E ′ is the non-relativistic energy. To obtain the relevant corrections
of general relativity we consider small velocities of the planets respect to light7, this
means rg/r << 1. The angular change of closed orbits can be calculated in the similar
form to (2.6)
∆ϕ(r) = −∂∆Ir
∂M
(2.12)
For that purpose, we need expand (2.10) and check the Newtonian term and its rela-
tivistic correction. Comparing M2/r2 part of (2.4) and (2.10) is easy concluded that
we need to consider the change variable
r(r − rg) = r′2 ⇒ r − rg
2
≈ r′ (2.13)
and introducing the non-relativistic energy E ′. Expanding around rg/r << 1 keeping
fix M2/r2 (regardless of the apostrophe) we have
Ir =
∫ √
2m(E − U)− M
2
r2
+
3m2c2r2g
2r2
+O
(
r3g
r3
)
dr (2.14)
where
E = E ′ + E
′2
c2
, U = UN
(
1 +
4E ′
mc2
)
, UN = −mm
′
GN
r
(2.15)
7For example, the star S2 that orbit to Sagittarius A∗ (super massive black hole) in the periapsis
the velocity is five percent of the light velocity [35].
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We can see the fundamental correction to M2/r2 is given by the term r2g/r
2, and this
term can describe the periapsis shift of the orbit. We consider E ≈ E ′, U ≈ UN and
only expanding around rg/r << 1 keeping fix M
2/r2
Ir ≈
∫ √
2m(E ′ − UN)− M
2
r2
dr +
3m2c2r2g
4
∫
1
r2
[√
2m(E ′ − UN )− M
2
r2
]−1
dr + . . .
(2.16)
Considering the limits of integration (rmin, rmax), we have Ir → ∆Ir
∆I(0)r =
∫ rmax
rmin
√
2m(E ′ − UN)− M
2
r2
dr (2.17)
So 8
∆Ir ≈ ∆I(0)r −
3m2c2r2g
4M
∂∆I
(0)
r
∂M
(2.18)
then, using (2.12) is easy to show the correction given for general relativity9
∆ϕ ≈ 2π + 6πG
2
Nm
2m
′2
c2M2
(2.19)
To determine the trajectory of light ray (null geodesics) we need the eikonal equation
(1.4). This equation is similar to (2.9) withm2 = 0 and I → ψ, and in this case, instead
of energy E = −∂I/∂t of the particle, we consider the light frequency ω0 = −∂ψ/∂t,
then
ψ(r) = −ω0t +Mϕ+ ψr(r) (2.20)
From eikonal equation we have
ψr(r) =
ω0
c
∫ [
r2
(r − rg)2 −
̺2
r(r − rg)
]1/2
dr, ̺ =
Mc
ω0
(2.21)
where ̺ is the impact parameter. One more time we need consider the before transfor-
mations given in (2.13)
ψr(r) ≈ ω0
c
∫ (
1 +
2rg
r
− ̺
2
r2
)1/2
dr (2.22)
the equation for the trajectory of a light ray is ϕ(r) = −∂ψr
∂M
+ cte, then
ϕ(r) =
∫
1
r2
[√
1
̺2
− 1
r2
(
1− rg
r
)]−1
dr + cte (2.23)
8You can see that (2.17) is the same expression given in (2.4).
9For perihelion shift of Mercury this give 43
′′
and astronomical observations give 43, 1
′′ ± 0, 4′′ .
– 6 –
the gravitational correction is given by rg, if we take rg = 0 the integral is r = ̺/ cosϕ.
Namely a line that passing a distance ̺ from the origin, integrating (2.22) when rg = 0
∆ψ(0)r =
ω0
c
∫ π
0
√
1− ̺
2
r2
dr = −Mπ (2.24)
The angle formed by the asymptotes of ray light that comes from a very great distance
(r → ∞, ϕ = −π/2), approaches the nearest point (r = ̺, ϕ = 0) and moves away
a great distance (r → ∞, ϕ = π/2), is ∆ϕ(0) = −∂∆ψ(0)r /∂M = π. The relativistic
corrections are given by
∆ϕ = −∂∆ψr
∂M
(2.25)
and for that purpose we need expand (2.22) around rg/r << 1 (keeping constant ̺
2/r2)
ψr(r) ≈ ψ(0)r +
rgω0
c
ln ̺+
rgω0
c
cosh−1
(
r
̺
)
(2.26)
The term ψ
(0)
r corresponds to the classical ray rectilinear ψr(rg = 0) = ψ
(0)
r in (2.22).
The total changing of ψr during propagation of the light, from one large distance R at
the point r = ̺ close to the center and back again to the distance R is
∆ψr = ∆ψ
(0)
r +
2rgω0
c
cosh−1
(
r
̺
)
(2.27)
replacing in (2.25)
∆ϕ = −∂∆ψ
(0)
r
∂M
+
2rrR
̺
√
R2 − ̺2 = ∆ϕ
(0) +
2rrR
̺
√
R2 − ̺2 (2.28)
taking the limit R→∞ and remember that ∆ϕ(0) = π for the rectilinear ray, we obtain
∆ϕ = π +
2rg
̺
(2.29)
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3 Hairy black hole solutions
We will consider two hairy solutions one of which is the smooth limit of the first when
the hairy parameter ν →∞. We are interested in asymptotically flat hairy black hole
solutions with a spherical horizon [36, 37]. The action is
S[gµν , φ] =
1
2κ
∫
M
d4x
√−g
[
R− (∂φ)
2
2
− V (φ)
]
+
1
κ
∫
∂M
d3xK
√−h+ Sct (3.1)
where V (φ) is the scalar potential, κ = 8πGN and S
ct is the boundary counterterm
which we use for constructed the renormalized quasi-local stress tensor τab. The equa-
tions of motion for the dilaton and metric are
1√−g∂µ
(√−ggµν∂νφ)− ∂V
∂φ
= 0
Eµν = Rµν − 1
2
gµνR− 1
2
T φµν
where the stress tensor of the scalar field is
T φµν = ∂µφ∂νφ− gµν
[
1
2
(∂φ)2 + V (φ)
]
When we consider convex or positive semi-definite potential the no-hair theorems ensure
that does not exist regular black holes solutions [38–40]. In [11, 17, 36, 41–43] they were
able to relax some of those conditions and find a large (exact) family of hairy black holes.
In the present article, we will work with following potentials, where l−1ν =
√
(ν2 − 1)/2κ
and j−1 = 1/
√
2κ 10
V (φ) =
2α
ν2
[
ν − 1
ν + 2
sinh φlν(ν + 1)− ν + 1
ν − 2 sinhφlν(ν − 1) + 4
ν2 − 1
ν2 − 4 sinhφlν
]
(3.2)
V (φ) =
αjφ
κ
[2 + cosh(jφ)]− 3α
κ
sinh(jφ) (3.3)
Along the present paper, we centered in the negative branch: φ ∈ (−∞, 0] for which
α > 0
10In [37, 44, 45] was showed that these scalar potentials (3.2), (3.3) for asymptotically-AdS space-
times, fixing some particular values of the parameters it becomes the one of a truncation of ω-deformed
gauged N = 8 supergravity.
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Figure 1: The left hand side graphic (a) describe the potential (3.2) at ν = 5. There
are two families: φ ∈ (−∞, 0] for which α > 0 and φ ∈ [0,+∞) for which α < 0.
The right hand side graphic (b) describe the potential (3.3). There are two families:
φ ∈ (−∞, 0] for which α > 0 and φ ∈ [0,+∞) for which α < 0.
3.1 Black hole solution
Considering the action (3.1) with scalar potential (3.2) and the metric ansatz
ds2 = Ω(x)
[
−c2f(x)dt2 + η
2dx2
f(x)
+ dθ2 + sin2 θdφ2
]
(3.4)
The equations of motion can be integrated for the conformal factor [11, 36, 41, 42]:
Ω(x) =
ν2xν−1
η2(xν − 1)2 (3.5)
where the parameters that characterize the hairy solutions are α and ν. The solutions
for scalar field
φ(x) = l−1ν lnx (3.6)
and metric function
f(x) = α
[
1
ν2 − 4 −
x2
ν2
(
1 +
x−ν
ν − 2 −
xν
ν + 2
)]
+
x
Ω(x)
(3.7)
where η is the only integration constant and l−1ν =
√
(ν2 − 1)/2κ.
The scalar potential given in (3.2) and the solution for Ω(x), φ(x), f(x) are invariant
under the transformation ν → −ν. The boundary where Ω(x) is blowing-up correspond
to x = 1 and the theory has a standard flat vacuum V (φ = 0) = 0. The hairy parameter
– 9 –
vary in the range ν ∈ [1,+∞)11, and in the limit ν = 1 one gets lν →∞ and φ→ 0 so
that the Schwarzschild black hole (asymptotically flat) is smoothly obtained.
There are two distinct branches, one that corresponds to x ∈ (0, 1] and the other one
to x ∈ [1,∞) — the curvature singularities are at x = 0 for the first branch and x→∞
for the second one (these are the locations where the scalar field is also blowing up).
Considering the change of coordinates12
x = 1− 1
ηr
+
(ν2 − 1)
24η3r3
[
1 +
1
ηr
− 9(ν
2 − 9)
80η2r2
]
+O(r−6) (3.8)
we can read off the mass from the sub-leading term of gtt:
− gtt = f(x)Ω(x) = 1− α+ 3η
2
3η3r
+O(r−3) (3.9)
In the section (4) we use the quasilocal stress tensor to show that the mass of this black
hole is
m
′
1 =
4πc2
κ
(
α + 3η2
3η3
)
(3.10)
where the gravitational radio (or mass parameter) is rg = 2m
′
1GN/c
2 In the section (4)
we verified that this is the gravitational mass of the black hole
3.2 Black hole solution ν =∞
In [11], was studied the following solution, but here we consider the neutral case.
One more time, considering the action (3.1) with scalar potential (3.3) and the metric
ansatz
ds2 = Ω(x)
[
−c2f(x)dt2 + η
2dx2
x2f(x)
+ dθ2 + sin2 θdφ2
]
(3.11)
The equations of motion can be integrated for the conformal factor [11, 36]:
Ω(x) =
x
η2 (x− 1)2 (3.12)
Where α is the parameter that characterizes the hairy solution. With this choice of the
conformal factor is straightforward to obtain the expressions for the scalar field
φ(x) = j−1 ln x, j−1 =
1√
2κ
(3.13)
11Since the potential and the solution is symmetric about ν → −ν, then the behavior is the same if
we consider the range ν ∈ (−∞,−1].
12For the negative branch x < 1. The procedure for obtaining the coordinate transformation (3.8)
can be found in [9].
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and the metric function
f(x) = α
[
(x2 − 1)
2x
− ln(x)
]
+
1
Ω(x)
(3.14)
At the boundary Ω(x) is blowing-up, this correspond to x = 1. The theory has a stan-
dard flat vacuum V (φ = 0) = 0. There are two distinct branches, one that corresponds
to x ∈ (0, 1] and the other one to x ∈ [1,∞) — the curvature singularities are at x = 0
for the first branch and x → ∞ for the second one (these are the locations where the
scalar field is also blowing up). But the difference with the before hairy solution is that
does not exist a hairy parameter, and we can not obtain the Schwarzschild case.
Here, η is the constant of integration and considering the horizon equation we can solve
it
f(η, xh) = 0→ η2 = xh
(xh − 1)2
[
α(2xh ln xh − x2h + 1)
2xh
]
(3.15)
Considering the following asymptotic coordinate transformation13
x = 1− 1
ηr
+
1
2η2r2
− 1
8η3r3
+O(r−5) (3.16)
the gravitational radio rg (or mass parameter) can be read-off −gtt component in r-
coordinate
Ω(x)f(x) = 1− α
6η3r
+O(r−3) (3.17)
then rg = α/6η
3, and the mass of the hairy black hole is
m
′
2 =
4πc2
κ
rg =
c2
2GN
(
α
6η3
)
, (3.18)
In the next section (4) we verified that this is the gravitational mass of the black hole
4 Mass of hairy black holes
Similar to holographic formalism for asymptotic AdS space-times [9, 46–49], for asymptotically-
flat exist an identical proposal given in [50–53]. If the boundary has the following
topology S2 × R× S1 the gravitational counterterm is
Sct = −1
κ
∫
∂M
d3x
√
2R √−h (4.1)
13For the negative branch.
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The (quasilocal) stress tensor was defined in [54] like
τab ≡ 2√−h
δS
δhab
(4.2)
where for the total action (that including the boundary terms) given in (3.1) we have
[50]
τab = −1
κ
[Kab − habK −Ψ(Rab −Rhab)− habΨ+Ψ;ab] (4.3)
Considering the foliation (x = constant) of the metrics (3.4) and (3.11) (both foliations
are similar)
habdx
adxb = Ω(x)[−c2f(x)dt2 + dθ2 + sin2 θdϕ2] (4.4)
WhereRab, R are the Ricci tensor and Ricci scalar of the foliation (4.4). The expression
for Ψ was given in [51], this is Ψ =
√
2/R, then
R00 = 0 , Rθθ = 1 , Rϕϕ = sin2 θ , R = 2
Ω(x)
, Ψ =
√
Ω(x) (4.5)
Here Kab, K and na are the extrinsic curvature, its trace and the normal of time-
like hypersurface defined by induced metric (4.4). We use the following very useful
expressions14
Kab =
√
gxx
2
∂xhab, na =
δxa√
gxx
, K
√−h = na∂a
√−h (4.6)
And is easy to show T νtt for solution (3.4) and T
∞
tt for (3.11)
T νtt = −
c2
κ
[
−(Ωf)
′
2η
√
f
Ω
+
√
Ωf
2η
(
3Ω
′
f
Ω
+ f
′
)
− 2
√
Ωf
]
(4.7)
T∞tt = −
c2
κ
[
−x(Ωf)
′
2η
√
f
Ω
+
x
√
Ωf
2η
(
3Ω
′
f
Ω
+ f
′
)
− 2
√
Ωf
]
(4.8)
The conserved quantity associated with the generator of time translations symmetry
ξ = ∂/c∂t is the energy. For both metrics (3.4) and (3.11) we have
E = c4
∫
d2Σ
√
σmaξbTab = 4πc
2Ttt
√
Ω
f
∣∣∣∣
x→1
(4.9)
Where σab is the metric of the transversal section (spherical) where
√
σ = Ωsin θ. The
normal to foliation (t = constant) is ma = δ
t
ac
√
Ωf . The energy or mass of the hairy
black holes (3.4), (3.11) are respectively (E = m
′
c2)
m
′
1 =
4πc2
κ
[
α + 3η2
3η3
+O(r−1)
]
r=∞
(4.10)
14These expressions are correct only when the metric gµν and the induced metric hab are diagonal.
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m
′
2 =
4πc2
κ
[
α
6η3
+O(r−1)
]
r=∞
(4.11)
5 Hamilton-Jacobi method
In this section, we use the Hamilton-Jacobi method to obtain the correction to periapsis
shift and deflection of light by hairy solutions given in (3.1) and (3.2). We considered
the intuitive procedure given in the section (2.1)
5.1 Corrections of hairy solution
We study the geodesics and null geodesic of the metric given in (3.4). Setting θ = π/2,
we have
ds2 = Ω(x)
[
−c2f(x)dt2 + η
2dx2
f(x)
+ dϕ2
]
(5.1)
The Hamilton-Jacobi equation for geodesic of some celestial body of mass m, that orbit
around a hairy black hole is
− 1
c2Ωf
(
∂I
∂t
)2
+
f
Ωη2
(
∂I
∂x
)2
+
1
Ω
(
∂I
∂ϕ
)2
+m2c2 = 0 (5.2)
The ansatz I = −E0t+Mϕ+ Ix(x) and its solution is
Ix(x) =
∫ √
η2
f 2
(E20
c2
−m2c2Ωf
)
− η
2M2
f
dx (5.3)
Considering the coordinate transformation (3.8) and similar to Schwarzschild case we
need consider r → r + rg
2
and E0 = mc2 + E ′, then
x = 1− 1
η(r + rg
2
)
+
(ν2 − 1)
24η3(r + rg
2
)3
[
1 +
1
η(r + rg
2
)
− 9(ν
2 − 9)
80η2(r + rg
2
)2
]
+O(r−6) (5.4)
We can write Ix like Ir when
rg
r
<< 1
Ir =
∫ √
2m(E − U) + 3Am
2c2r2g
2r2
− M
2
r2
+O
(
r3g
r3
)
dr, A = 1− E
′
(ν2 − 1)
3mc2η2r2g
(5.5)
Where the expressions for E, U was given in (2.15). The new term A depend on hairy
parameter ν and constant integration η. We can show that A give a hairy correction
to periapsis. For this purpose, we need expand (5.5) around rg/r << 1 (keeping fix
M2/r2) and E ≈ E ′, U ≈ UN
∆Ir =
∫ rmax
rmin
√
2m(E ′ − UN )− M
2
r2
+
3m2c2r2gA
4
∫ rmax
rmin
1
r2
[√
2m(E ′ − UN)− M
2
r2
]−1
dr+O
(
r4g
r4
)
(5.6)
– 13 –
∆Ir = ∆I
(0)
r −
3m2c2r2gA
4M
∂∆I
(0)
r
∂M
+O
(
r4g
r4
)
(5.7)
And is easily to show,
∆ϕ ≈ 2π + 3πm
2c2r2gA
2M2
, A = 1 + (ν
2 − 1)
4a
(
η
α+ 3η2
)
(5.8)
when ν = 1, we have A = 1, e.i. the Schwarzschild case given in (2.19). Where
the orbital parameter a is the semi-major axis.15 If we consider the horizon equation
f(xh, η, α) = 0 and solve η = η(xh, α), we can write the hairy correction A as a function
A = A(a, ν, xh, α)
Figure 2: The left hand side graphic (c) describe (5.8) versus xh for the negative
branch, we fix a = 2000 AU and α = 2 AU−2. And according to our approximation
rg/r << 1 which means that xh << 1. That is, in the graphic all these hairy black
holes (ν > 1) have the same corrective factor, which is A > 1.
The right hand side graphic (d) describe (5.8) versus xh for the negative branch, we fix
a = 2000 AU and α = 2 AU−2. And according to our approximation rg/r << 1 which
means that xh << 1. That is, in the graphic all these hairy black holes (ν > 1) have
the same corrective factor, which is A > 1. But here the correction is larger than the
previous case, because the hair is bigger.
15According to astronomical observations [55, 56], nine stars are currently known that orbit around
of Sagittarius A∗, including S1, S2, S8. And its semi-major axis oscillate between a ∼ 900−3500 AU .
The astronomical unit (AU) or radius of Earth’s orbit, and it is equivalent to 1.495× 1011 m.
According to [35, 56, 57] we can show rg =
2m∗GN
c2
≈ 0.1AU , where m∗ is the mass of Sagittarius A∗,
then rg << a.
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Similar to Schwarzschild case, we can construct the eikonal equation, whose solution
is
ψ = −ω0t +Mϕ+ ψx (5.9)
ψx =
ω0
c
∫ √
1− ̺2f η
f
dx, ̺ =
Mc
ω0
(5.10)
The equation of light trajectory is given by16
ϕ(x) =
∫
ηdx√
1
̺2
− f
+ cte (5.12)
We need to consider the hairy-gravity corrections, considering one more time the coor-
dinate transformations given in (5.4) we can show
ψr ≈ ω0
c
∫ √
1 +
2rg
r
− ̺
2
ν
r2
dr (5.13)
where the impact parameter ̺ has a new hairy correction
̺2ν = ̺
2 +
ν2 − 1
4η2
(5.14)
Now, expanding around rg/r << 1, keeping fix ̺
2
ν/r
2
ψr ≈ ω0
c
∫ √
1− ̺
2
r2
dr +
ω0rg
c
∫
dr√
r2 − ̺2ν
(5.15)
In the first term of the expansion of ψr we have
√
1− ̺2
r2
− ν2−1
4η2r2
≈
√
1− ̺2
r2
, this is
because if we consider the horizon equation we have η = η(xh, α, ν), and you can prove
that for xh << 1 (rg << r) we have η
2 large, then 3
4r2η2
≈ 0. But for the second
term we have only
√
r2 − ̺2 − ν2−1
4η2
, from which ν
2−1
4η2
is relevant. This is precisely the
relevant hairy correction
∆ϕ = −∂∆ψ
(0)
r
∂M
+
2rgMc
ω0̺2ν
1√
1− ̺2ν
R2
(5.16)
16Is easy to show that the Schwarzschild case (ν = 1) given in (2.23) can be obtained when
x = 1− 1
ηr
, Ωf = 1− rg
r
, Ω = r2, ηdx =
dr
r2
(5.11)
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when R→∞
∆ϕ ≈ π + 2rg
̺
̺2
̺2ν
(5.17)
And one more time when ν = 1 we obtain the Schwarzschild17 case giving in (2.29).
Using the horizon equation f(η, xh, ν, α) = 0 we have η = η(xh, ν, α)
̺2ν
̺2
∣∣∣∣
(xh,ν,α)
= 1 +
(ν2 − 1)
4η2̺2
(5.18)
To graph ̺2/̺2ν vs xh, we consider ̺ like multiples of R⊙ (sun radius). For example the
stars early-B hyper-giants (BHGs), has radios in the range of ̺ = 63.5R⊙−246R⊙ [58].
The figures in (3) show that the scalar field (hair) screening the effect of gravitational
field, causing the deviation of light to be smaller respect to Schwarzschild case (ν = 1)
Figure 3: The left hand side graphic (e) describe (5.18) versus xh for the negative
branch, we fix ̺ = 200R⊙ and α = 10R
−2
⊙ . And according to our approximation
rg/r << 1 which means that xh << 1, (see the graphic) all these hairy black holes
(ν > 1) have the same screening factor, which is ̺
2
̺2ν
< 1.
The right hand side graphic (f) describe (5.18) versus xh for the negative branch, we
fix ̺ = 200R⊙ and α = 10R
−2
⊙ . And according to our approximation rg/r << 1 which
means that xh << 1, (see the graphic) all these hairy black holes (ν > 1) have the same
screening factor, which is ̺
2
̺2ν
< 1. But here the screening is larger than the previous
case, because the hair is bigger.
17For a ray of light passing near the edge of the sun we obtain 1.75
′′
.
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5.2 Corrections of hairy solution ν =∞
We study the geodesics and null geodesics of the metric given in (3.11). Setting θ = π/2,
we have
ds2 = Ω(x)
[
−c2f(x)dt2 + η
2dx2
x2f(x)
+ dϕ2
]
(5.19)
The Hamilton-Jacobi equation is
− 1
c2Ωf
(
∂I
∂t
)2
+
x2f
Ωη2
(
∂I
∂x
)2
+
1
Ω
(
∂I
∂ϕ
)2
+m2c2 = 0 (5.20)
the ansatz I = −E0t+Mϕ + Ix(x), and the solution for Ix(x) is
Ix =
∫ √
η2
x2f 2
(E0
c2
−m2c2Ωf
)
− η
2M2
x2f
dx (5.21)
Considering the coordinate transformation (3.16), and in a similar form to Schwarzschild
case, we need to consider r → r + rg
2
and E0 = mc2 + E ′, then, we can write Ix like Ir
when rg
r
<< 1
Ir =
∫ √
2m(E − U) + 3Am
2c2r2g
2r2
− M
2
r2
+O
(
r3g
r3
)
dr, A = 1− E
′
mc2η2r2g
(5.22)
Where the expressions for E, U was given in (2.15). The new term A depend on
constant integration η. We show that A give a hairy correction to periapsis shift.
For these purpose we need expand (5.22) around rg/r << 1 (keeping fix M
2/r2) and
E ≈ E ′, U ≈ UN . And we have,
∆ϕ ≈ 2π + 3πm
2c2r2gA
2M2
(5.23)
where the orbital parameter a is the semi-major axis18,
A(a, α, xh) = 1 + 3
√
α
2a
√
2xh ln xh − x2h + 1
2(xh − 1)2 (5.24)
In this case, there are not a hairy parameter such that A = 1, the unique form to obtain
A = 1 is when α = 0, but according to (3.7) and (3.14), these case correspond to a
naked singularity. Even if we consider black holes asymptotically AdS 19, the special
18Here we use the horizon equation given in (3.15).
19The hairy black holes (asymptotically AdS) constructed in [11, 17, 41, 42], has more general scalar
potentials which consist of two parts V (φ) ∼ α(. . .) + Λ(. . .), where Λ = −3/l2 is the cosmological
constant, and when α = 0 has a new interesting interpretations, like domain wall. Where its structure
is ensured for the existence of potential V (φ) ∼ Λ(. . .) [37].
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case α = 0 is a naked singularity. Is clear that α has an important role to existence
of regular horizon. The condition α 6= 0 ensure the existence of scalar potentials given
in (3.2), (3.3), and this means that if α = 0, there are not self-interaction of the scalar
field that ensures its stability and at the same time, we have a naked singularity.
Figure 4: The left hand side graphic (g) describe (5.24) versus xh for the negative
branch, we fix a = 2000 AU and α = (100 − 500) AU−2. We put the case Schw
(Schwarzschild) to compare. And according to our approximation rg/r << 1 which
means that xh << 1. That is, in the graphic all these hairy black holes have different
(small) corrective factors, which is approximate A ∼ 1.
The right hand side graphic (h) describe (5.24) versus xh for the negative branch, we fix
a = 2000 AU and α = (0.5− 2)× 104 AU−2. We put the case Schw (Schwarzschild) to
compare. And according to our approximation rg/r << 1 which means that xh << 1.
That is, in the graphic, all these hairy black holes have different corrective factors. But
here the correction is larger than the previous case because α is bigger.
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To describe the light trajectory we use the eikonal equation. The ansatz is ψ =
−ω0t+Mϕ + ψx, and the solution for ψx is
ψx =
ω0
c
∫ √
1− ̺2f η
xf
dx, ̺ =
Mc
ω0
(5.25)
The equation of light trajectory is given by
ϕ(x) =
∫
ηdx
x
√
1/̺2 − f + cte (5.26)
But in here, we can not obtain the Schwarzschild as a smooth limit. To get the hairy-
gravity corrections, we need to consider one more time the coordinate transformations
given in (3.16) we can show, for rg
r
<< 1
ψr ≈ ω0
c
∫ √
1 +
2rg
r
− ̺
2
α
r2
dr (5.27)
where the impact parameter ̺ has a new hairy term
̺2α = ̺
2 +
3
4η2
(5.28)
Now, expanding around rg/r << 1, keeping fix ̺
2
ν/r
2, we have
ψr ≈ ω0
c
∫ √
1− ̺
2
r2
dr +
ω0rg
c
∫
dr√
r2 − ̺2α
(5.29)
In the first term of the expansion of ψr we have
√
1− ̺2
r2
− 3
4η2r2
≈
√
1− ̺2
r2
, this is
because if we consider η = η(xh, α) given in (3.15), you can prove that for xh << 1
(rg << r) we have η
2 large, then 3
4r2η2
≈ 0. But for the second term, we have only√
r2 − ̺2 − 3
4η2
, from which 3
4η2
is not small enough. This is precisely the relevant hairy
correction. Working in the same way as in the previous section, we can show that
∆ϕ = π +
2rg
̺
̺2
̺2α
;
̺2α
̺2
∣∣∣∣
(xh,α)
= 1 +
3
2α̺2
(xh − 1)2
2xh ln xh − x2h + 1
(5.30)
– 19 –
Figure 5: The left hand side graphic (i) describe (5.30) versus xh for the negative
branch, we fix the impact parameter like ̺ = 2000R⊙. And according to our approxi-
mation rg/r << 1 which means that xh << 1, (see the graphic) these hairy black holes
has different screening factors ̺
2
̺2ν
< 1, such that α ≈ 0.
The right-hand side graphic (k) describe (5.30) versus xh for the negative branch, we
fix ̺ = 2000R⊙. And according to our approximation, rg/r << 1 which means that
xh << 1, (see the graphic) these hairy black holes has small screening factor. Compar-
ing with the before case, the screening is small, then ̺
2
̺2ν
∼ 1
α
at fixed ̺.
6 Conclusions
Sagittarius A∗ is a stellar system located in the center of our galaxy, it consists of a
supermassive black hole, where until now the orbits of nine stars were studied [35, 55–
58]. This black hole has a disk accretion, and there are indications that dark matter
influences the gravitational dynamics of these stars [57]. In 2004, source IRS 13 black
hole was discovered (and other stars that orbit it) that orbit around of Sagittarius A∗.
The principal idea of the present paper is that these hairy solutions (3.1) and (3.2)
could be an effective model to describe a more complicated gravitational system. Our
idea is to consider this gravitational system (for example Sagittarius A∗) as a black
hole with scalar hair, specially the solution (3.1) has a hairy parameter ν, it can be
adjusted in such a way as to describe for example the Sagittarius A∗. We propose (like
an elemental model) to use the results for periapsis shift given in (5.8), (5.23), and
made astronomical observations to the stars that orbit Sagittarius A∗ 20, estimate its
20There is no concrete evidence of the rotation Sagittarius A∗ but in general, all observed the black
holes rotate. We consider the hairy black hole as a simple static model of the stationary system of
Sagittarius A∗, assuming that its rotation is slow enough.
– 20 –
shift periapsis and thereby set the parameter of hair ν (and α). In a similar form maybe
is possible use the equation for deflection of light given in (5.18), (5.30). An interesting
future direction is, study and classify the different orbits of these hairy black holes.
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